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In the present remark, we shall construct the coordinatizing quasifields of 
translation planes without using the customary configurative method [2]. 
Our starting point will be the well-known characterization of translation 
planes by the group congruences in the sense of J. Andre [3]. 
Agroup congruence V is defined as a set of nonzero subgroups 59, = (G, , +), 
I E 1, card I > 2 of a nonzero Abelian group g = (G, +) such that 
G = lJIEI G, and Q = 9X @ 9’B for all OL # /3 in I. The elements of Q will 
be called the components. 
To Q it is associated a translation plane consisting of the set of “points” 
P = G and of the set of “lines” L = {G, + g 1 I E 1, g E G) decomposed 
onto the blocks L, = {G, + g 1 g E G}, c E I of pairwise “parallel” lines; for 
each a E G there is a mapping g + g + a, g E G called translation. 
A quasifield 5’ is defined as a triplet (S, +, *) where S is a nonvacuous set, 
(S, +) is an Abelian group, and (S \ {0}, *) is a loop-whereas 0 * x = x * 0 = 0 
for all x E S is defined, the right distributivity law x * ( y + Z) = 3c * y + x * z 
is supposed to be valid and every mapping x + --a . x + b * x, x E S for 
a # b in S is supposed to be bijective on S. 
Let any quasifield 9 = (S, +, *) be given. On the group 59 = (S x S, +) 
defined by (aI , bl) + (as , b,) = (aI + a2 , bl + h) for (aI , b,), 
(a, , b,) E S x S, we construct the congruence V with the following com- 
ponents: One component will be W = (Y, +) where Y = ((0, y) 1 y E S} 
and, the remaining components will be 9, = (G, , +) where G, = 
{(x, y) 1 y = a . x} for all a E S. %’ is in fact a subgroup of 9 because it is 
isomorph with the additive group (S, +) of 9. If (u, u . u), (w, Q . w) E G, 
then (U - et, a * u - a . w) = (U -- w, Q . (U - w)) E G, by the right distrib- 
utivity law valid in 9, so that 59@ is a subgroup of g. Finally, we prove that 
Y @ ‘9, = Q and 9, @ C?ZD = ‘9 for all a # b in S. The elements of Y 
resp. G, have the form (0, y) resp. (u, a . u) and the unique common element 
of Y and G, is (0,O). If (x, y) E S x S then (x, y) = (0, y,) + (x, a * x) = 
(x, yr + a * x) where yr is uniquely determined by yi = y - a * x. The 
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elements of G, resp. Gb have the form (u, a * U) resp. (ZI, b 3 v) and from 
(24, a . U) = (v, b * n) follows 24 = v, a .zr=b.vsothat--a*u+b*u=O 
and by the bijectivity of the mapping x---f --a * x + b * x, x E S follows 
u = 0 and consequentely a * u = 0. Thus G, and Gb have only the element 
(0,O) in common. Choose an arbitrary (x, y) E S x S and seek (u, a * u) E G, , 
(v, b - v) E G, such that (24, a - u) + (v, b . v) = (x, y). Since 
(u, a - u) + (v, b . v) (u + v, a * u + b * v), we deduce u + v = x, 
a * u + b . v = y and further, --a.u+b.u=b~x-y. Now u (and 
consequently also v) is uniquely determined by the bijectivity of the mapping 
x--t-u.x+b.x,xES. 
Let a congruence V of the components ‘3‘ = (G, , +), I ~1 on a given 
Abelian group 9 = (G, +) be given. Select mutually different hi , ~a , ~a E I 
and denote 8,r = I = (X, +), gLn = ?V = (Y, +), gL3 = 28’ = (2, +). 
Then every g E G has a uniquely determined form g = fg + r]g with fg E X 
and vg E Y. First we institute the bijectivity r : Y -+ X as follows: to each 
y E Y we associate such element x E X for which x + y E 2. Secondly, let 
e # 0 be a fixed element of Y. We determine the bijectivity X : Y + I \ (1s) 
by (h o 7)~ = c where c is the common element of Y + rre and G, . Now we 
put a . b(u, b E Y) to be equal to $ where d is the common element of GA, 
and Y + ab. We wish to show that (Y, +, *) is a quasifield. In fact, (Y, +) 
is an Abelian group, namely the component glp = %. From the definition 
of 7r, h and * it follows easily that 0 * a = a . 0 = 0, e . a = a * e = a for 
all a E Y. The quasigroup properties of (Y \ {0}, *) follow from the fact that 
every nonzero element of G lies in precisely one component and from the 
fundamental property of V that X + g and G,,(g E G, a E Y) have exactly 
one element in common [3]. We formulate an auxiliary proposition: 
,(a + b) = TMZ + vrb f or all a, b E Y. The proof is as follows: We have 
TMJ + a, rrb + b E 2 and further 
(m + u) + (rb + b) = (~a + rb) + (u + b) E 2 
with 7ru + rb E X and a + b E Y so that VU + nb = ~(a + b). As a corollary 
we deduce that c * (a + b) = c * a + c * b for all Q, b, c E Y. We have indeed 
THZ + c . a, rb + c * b E GA, and 
(~a + c . a) + (mb + c . 6) = (m + ?zb) + (c . a + c * b) E G,, 
so that by the auxiliary proposition the last sum is equal to 
T(U + b) + (c * a + c . b) E GA, 
with ?r(a + b) E X and c . a + c * b E Y. From the definition of r, h and * it 
follows that c . a + c * b = c * (a + b) and the right distributivity law is 
satisfied. Finally, the remaining condition of the bijectivity of the mapping 
x -+ --a * x + b * x, x E Y for a # b in Y expresses precisely the fact that 
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GA, and G,,l, + y (for arbitrary y E Y) have exactly one element in common, 
what is however guaranteed as one of the fundamental properties of % 
(see [31). 
APPENDIX 
A reduced congruence1 is defined as a set of noruero subgroups 9JL = (G, , +), 
L E I, card I > 2 (called the components) of a nonzero Abelian group 
‘3 = (G, +) such that (i) G = ULel G, , (ii) G, n G, = {0} for all OL # /? 
in 1, and (iii) some ~i # b2 exist such that 3,1 @ gL = 3, gLn @ 59‘ = 9 
for all I EI distinct from ~i resp. ~a . 
In a manner similar to the case of the general congruence, to every reduced 
congruence we can associate some Andre translation structure [I]. 
Further we can define a reduced qua$ieldl; the definition is the same 
as for the general quasifield, only the condition of the bijectivity of 
x+---a*x+b*x,xESfora#bisomitted. 
Now it is possible to transfer conveniently the first preceding construction 
and obtain to a given reduced quasifield 22 = (S, +, *) the corresponding 
reduced congruence on ‘3 = (S x S, +) with the components ?V/, 9,) 
a E S (the meaning of 9, g and 3, , a E S is as before). It may be shown 
that g @ Sa = 9, g0 @ Sa = $9 for all a E S resp. a E S \ (0). 
Conversely, if a reduced congruence V with the components 3,) L E I and 
prominent indices ci , a L E I is given, then we may obtain, by a suitable adapta- 
tion of the second preceding construction, the corresponding reduced 
quasifield. 
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1 Auxiliary terms, introduced only for the use of this Appendix. 
